Abstract
Introduction
Understanding the relationship between correlations and volatilities is crucial for risk management and optimal portfolio allocation strategies. Correlations which increase in volatile periods reduce the power of portfolio diversification when it is needed most. This paper extends the multivariate Dynamic Conditional Correlation (DCC) model of Engle (2002) and its generalization by Cappiello, Engle and Sheppard (2006) (hereafter, CES (2006) ) to investigate the dynamic relationship between the correlations and the volatilities of the underlying assets. In particular we examine whether high volatility values of the assets, implied by the model, are associated with an increase in their correlation values. The resulting specification could be interpreted as asymmetric in the level of volatility.
The early studies on the relationship of correlations and volatilities in international markets have often relied on the analysis of these measures computed over different sub-periods of the data sample. In particular, a range of studies has been based on the comparison of the correlation coefficients during stable and volatile market periods (e.g., Bertero and Mayer 1990 , King and Wadhwani 1990 , Lee and Kim 1993 , Erb et al. 1994 , Calvo and Reinhart 1996 . These papers present evidences that international correlations increase significantly in turbulent times. Stambaugh (1995) , Boyer et al. (1999) and Forbes and Rigobon (2002) show that tests of changing correlations based on correlation coefficients conditional on different levels of one or both return variables are biased due to heteroskedasticity of financial return series. A range of papers take into account the heteroskedasticity property of financial time series when testing for changing correlations in varying volatility regimes. Longin and Solnik (1995) and Ramchard and Susmel (1998) are examples of studies doing this in the framework of multivariate ARCH-type models. Longin and Solnik (1995) test the hypothesis of higher correlation during volatile periods, using a bivariate Constant Conditional Correlation (CCC) GARCH model (Bollerslev, 1990) as a base specification. The authors allow the estimated correlation value for the turbulent market periods to differ from the constant correlation coefficient for the rest of the sample by introducing a threshold on the contemporaneous value of the volatility. Differently, Ramchard and Susmel (1998) propose a bivariate SWARCH model that makes correlations a function of variance regimes, with different correlations for periods of high and low volatility. While in Longin and Solnik the correlation depend on an exogenous volatility threshold (the unconditional variance of the process), in Ramchard and Susmel the volatility regime is endogenously determined within the model. Note that in both Longin and Solnik (1995) and Ramchard and Susmel (1998) the correlations are assumed to be constant within high and low volatility states. Both studies find that market correlations rise when the conditional volatilities are high. Edwards and Susmel (2001) present an analysis of the international stock market co-movements studying the codependence of volatility regimes 1 . They also use a bivariate SWARCH model, but with the purpose of investigating whether periods of high volatility are correlated across countries, and present empirical evidence which confirms this hypothesis.
In this paper we propose a generalisation of the approach of Longin and Solnik (1995) in two directions: first, we model correlations in a dynamic way following the growing literature started by Engle (2002) with the Dynamic Conditional Correlation model and then generalised by Cappiello et al. (2006) ; second, taking advantage of the dynamic behaviour of correlations, we explicitly include in the model the volatility thresholds.
1 An alternative approach to the examination of this type of asymmetric codependence structure of asset returns is proposed in Longin and Solnik (2001) . The paper uses the extreme value theory to model the asymptotic distribution of multivariate tail correlation, and shows that conditional correlations in the international markets increase in volatile bear markets, but not in bull markets. Further evidence that the correlations of international markets increase conditional on large negative returns is presented, for example, in Karolyi and Stulz (1996) , Solnik et al. (1996) , De Santis and Gerard (1997) , Ang and Bekaert (2002) and Das and Uppal (2004) .
To demonstrate the practical relevance of our model we employ a sample of national stock indices from markets heterogeneous in the level of their development and integration into international securities markets. While there is a considerable body of research investigating the Asian and Latin American emerging stock markets, the transition markets of Central Europe have seen much less attention so far. Our sample includes stock indices from the major developed markets as well as three largest transition stock markets of Central Europe: Hungary, Poland and the Czech Republic.
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The empirical evidence indicates that the response of the transition markets to global market events is not always similar to that of the developed markets. The results of the application of the extended DCC specifications to our sample delivers strong evidence that the turbulent periods are associated with an increase in the correlations among the developed markets. For the crosscorrelations of the transition markets (in particular of the Hungarian and the Czech markets)
among each other and with the developed markets, however, this pattern is by far not as pronounced. The Polish market, on the other hand, in many respects behaves similar to the developed markets. The identification of market pairs the correlations of which do not increase in volatile periods has potential implications for leveraging the benefits of international portfolio diversification. The investigation of these implications itself is, however, outside the scope of this paper.
We proceed as follows. In Section 2 we present our modelling strategy evidencing the differences with respect to the actual approaches. In Section 3 we present the dataset used in the empirical analysis of Section 4. Section 5 concludes.
VT-DCC: Volatility Threshold Dynamic Conditional Correlations Models
The main innovation included in this paper is given by the introduction of a new class of Dynamic Conditional Correlation models that generalise the original contribution of Engle (2002) and Cappiello et al. (2006) . The models belonging to this class are named Volatility Threshold
Dynamic Conditional Correlations models (with a VT-prefix henceforth) given that the correlation dynamic partially depends on variance values through a threshold structure. We first present the basic Variance Threshold generalisation of the DCC model of Engle (2002) and in a following section the additional representations we propose.
Consider an n -variate conditional process t ε with zero mean and covariance matrix t H which are identically distributed following an un-specified density D(.):
where 1 t F − denotes conditioning information set including the information up to time t-1. The vector t ε may represent either a zero mean returns vector or the residuals vector of a return mean model. The VT-DCC model has the following representation. The conditional covariance matrix can be decomposed as
where t D is a diagonal matrix of conditional volatilities Bollerslev (1990) . The VT-DCC model specifies the dynamics of the correlation matrix as follows:
where α, β and γ are scalar coefficients, R is the unconditional correlation matrix of t η , The dummy variable matrix t V has the following structure:
where { } ( ) at this stage we only evidence that the t V dummy matrix may be created using an 'and' condition instead of an 'or' condition, as follows: 
Note that the VT-DCC model collapses on the DCC model of Engle (2002) if the γ coefficient is zero. In order to avoid explosive patterns in the dynamic of t Q we impose that 1 α β + < .
Furthermore, unconditionally, the expectation of t Q is still equal to the unconditional correlation matrix R , meaning that the VT-DCC model is subject to the unconditional correlation targeting constraint. This fact allows interpreting the VT-DCC model as a correlation model similarly to the DCC model of Engle (2002) .
Given the quadratic structure in (5), t R is guaranteed to be positive definite if t Q is positive definite. Differently from the DCC model of Engle (2002) , the choice of a suitable starting point 0 Q is not sufficient to guarantee the positive definiteness if the dummy matrix is defined as in (7). In this case, the positive definiteness must be imposed in the estimation step of the model. If the t V matrix follows (8) it will be positive semi-definite by construction and thus the choice of an appropriate 0 Q value guarantees the positive definiteness of t Q (given that it will be the sum of positive definite matrices, 1 t Q − and R , and positive semi-definite matrices, t V , V and
The VT-DCC model could be used in several financial areas. be useful in the contagion literature given that it will enable the distinction of correlation movements associated to volatility spillover effects from the changes in the correlation levels associated to pure contagion events. In fact, once the correlation dynamic has been estimated, we could filter out the effects of the volatility threshold component and analyse the remaining patterns in order to highlight jumps in the correlations that we could associate to contagion.
Model extensions
A drawback of the VT-DCC dynamic specified in (6) is that all the elements of the conditional correlation matrix are restricted to have the same behaviour. One strand of the DCC-related literature proposed extensions of the DCC model with richer dynamic, Franses and Hafner (2003) and Billio et al. (2006) , among others. A second possible approach has been followed by Cappiello et al. (2006) that propose a BEKK 3 -type generalization of the model. In the Generalised DCC (GDCC) model of Cappiello et al. (2006) , the following equation drives the correlation dynamic:
where A and B are n n × diagonal matrices 4 . As a result, the dynamics of the individual elements of the matrix t Q is specified as follows:
Although this generalized model adds flexibility to Engle's specification, the number of parameters to be estimated increases considerably, but remains feasible (they are linear in the number of correlations, which are, however, quadratic in the number of assets) 5 .
Within a Volatility Threshold framework, the approach of Cappiello et al. (2006) allows for the introduction of individual series specific volatility impact parameters. We propose the following extension of the GDCC models in (9) introducing a 'diagonal' Volatility Threshold component:
where [ ] t V E V = , and A , B and Γ are n n × diagonal matrices. Now, a sufficient condition ensuring the positive definiteness of the covariance matrix t Q is that (
is positive definite 6 if t V is created as in equation (8), while if t V follows (7) the positive definiteness of t Q must be imposed in the estimation step.
Within the VT-GDCC specification, the dynamics of the individual elements of t Q are then specified as:
In the empirical applications, the VT-GDCC model allows for identification of heterogeneity in the response of the markets to, say, high volatility, given the introduction of different coefficients in the diagonal of matrix Γ . On the other hand, a restriction on the GARCH dynamics of the conditional correlations (we may impose that A and B diagonal elements to be identical, or similarly we may transform the matrices into scalars 7 ) in some cases could be well justifiable (we may have a set of integrated financial markets with common correlation dynamic because they react in a similar way to the shocks), leading to a more parsimonious specification and/or making the model estimation feasible also in large dimensions. 8 Introducing the restrictions on the GARCH correlation dynamic in model (11), but maintaining the heterogeneity in the volatility threshold component, lead to the following correlation specific dynamic behaviour:
In the following, we refer to the specification in (6) as the Volatility Threshold DCC (VT-DCC), the one in (11)-(12) as the Volatility Threshold GDCC (VT-GDCC), and to the specification in (13) as the restricted VT-GDCC. In the generalized versions of the model the products of the coefficients, i j γ γ , measure the sensitivity of the correlations between markets i and j to the levels of volatility in the underlying markets. Therefore, they are of direct interest in the investigation of the relation between correlation and volatility. We suggest to directly test the significance of these products rather than simply analyse the individual i γ coefficients.
Note that the VT-component can in general be added to different dynamic correlation specifications proposed in the literature, creating, as we suggested, a new model class. Among the possible interesting specifications to be investigated in future contributions, we mention the works of Tse and Tsui (2002) and of Pelletier (2006). In particular, the joint use of the Volatility Threshold structure and the Markov switching dynamics may provide useful tools for the contagion analysis.
A further generalisation of the VT-DCC models refers to the relation between the Volatility
Threshold component and the matrix t Q . In the previous dynamic equations we have always assumed that the VT effect is contemporaneous to the correlation matrix,
We can generalise this relation allowing for lagged effects,
where K is the maximum lag. Note that by increasing the lags of t V we may largerly increase the parameter set.
For this reason, we suggest the inclusion of lagged effects only in the VT-DCC models in (6) and in the restricted VT-GDCC of equation (13). Positive definiteness of the correlation matrix is achieved as in the cases without lags in the dummy variable matrix t V . Model extensions related to the thresholds definition and structure are discussed in the following section.
The volatility thresholds
The Volatility Threshold model inherits its name from the presence of a threshold based component affecting the correlation dynamic. We previously introduced the different model representations simply stating that the thresholds are functions of the conditional variance series.
We now present the possible approaches that could be followed for the definition of the thresholds.
The first method defines thresholds as fractiles of the conditional variance series. In this case, the thresholds may be defined given an estimate of the conditional variances and we may choose to With this alternative approach the thresholds are determined on a common basis, taking into account possible differences in terms of magnitude and dispersion of the conditional variance sequences. In the case of both strategies outlined above the thresholds are based on fractiles in order to ensure the existence of a minimum number of threshold events. Note that the choice of the preferred fractile could be solved by some calibration exercises.
The general approach we propose is close to the methods of Tong (1983) . In the empirical application we will present a comparison of the two alternative ways for the threshold definition.
A rather different method which is not included in the present paper is the endogenous estimation of the thresholds. We may define the series i threshold as an additional parameter to be estimated.
In this last case, the model would require more computational intensive estimation methods.
The VT-DCC models could be further generalised by modifying the threshold component. In fact we could consider the introduction of multiple thresholds in order to capture the possible changes in correlations associated to different changes in the variance levels, we may distinguish between moderate and severe jumps in the volatilities. In this case, if we introduce L thresholds, the VT component of the VT-DCC model in (8) may be restated as follow:
where
and
...
Continuing our previous example, the introduction of two-sided conditions allows separating the effect of moderate from severe volatility increase on correlations. In fact, the correlation effect of a variance change between thresholds l and l+1 is completely associated to coefficient l γ and a direct significance test is available. Differently, we could define the dummy variable matrices as follows
where we used everywhere one-sided if conditions. In this second hypothesis, the coefficient l γ can be interpreted as an incremental correlation effect coming from variances above threshold l with respect to the effect coming from variance above the threshold l-1 (because variances above l are also above l-1). The previous generalisations of the VT component were all presented with the 'or' condition. They can be adapted for the inclusion of the 'and' condition as in equation (8).
The main difference between the two approaches ('or' against 'and' condition) is in the constraint needed for ensuring the positive definiteness of the correlation matrix: the 'or' condition requires a direct imposition or check of positive definiteness of t Q in the estimation step, while the 'and' condition requires either a constraint on the parameters in VT-GDCC model or the choice of a suitable starting point in the VT-DCC model.
As emphasized in the introduction to this paper, a range of studies have identified that the correlations between assets increase for downside moves, especially for extreme downside moves, rather than for upside moves. Below we propose a further modification of the VT component which considers the case of "extreme" volatility associated with bear markets. 9 In the framework of the DCC model this could, for example, be defined as the case when the fitted volatility for the period t exceeds the pre-specified threshold and at the same time the observed return at time 1 t − is negative (which is equivalent to the corresponding standardized residual being negative). To integrate this feature into our specification, the dummy variables matrix, t V , is redefined as follows:
9 In this context, see CES (2006) , who provide an extension of the GDCC model in (7), the Asymmetric Generalized DCC, to account for the asymmetric impact of the sign of the past innovations on the current correlation values. 
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We refer to the specifications in (6) and (11), with the elements of the matrix t V defined in (17) as the Volatility Threshold Asymmetric DCC (VT-ADCC) and the Volatility Threshold Asymmetric GDCC (VT-AGDCC), respectively.
All the models described in this section could be modified in such a way that the correlation values are conditioned on the observed past return series only (but not on the fitted volatility values). In this further case, the matrix t V would be defined in order to condition the correlation values on the past returns or squared returns exceeding a pre-specified threshold. Note that if we define the t V matrices using squared returns we may also add an asymmetric effect as in the VT-ADCC and VT-AGDCC specifications. The discussion on the 'or' and 'and' conditions and on the positive definiteness of the correlation matrix previously presented directly extend to these further generalisations of the VT-DCC and VT-GDCC models.
Model estimation
Dynamic conditional correlation multivariate GARCH models generally allow for two-stage estimation. Specifically, the likelihood function of the DCC models can be written as a sum of a volatility part and a correlation part. We can express the quasi normal likelihood of (1) as follows:
Following Engle (2002) , the estimates of volatility parameters can be found replacing t R in (18) by an identity matrix of size n . The first stage log-likelihood is simply the sum of the individual series volatility log-likelihoods. Given the standardized residuals and the parameter estimates from the first stage of estimation, the correlation parameters are obtained by maximizing the second-stage log-likelihood. Under a set of regularity conditions, Engle and Sheppard (2001) demonstrate consistency and asymptotic normality of the two-stage estimator.
In our case, the second stage likelihood will have parameters and correlation dynamic depending on the first stage parameters both via the first stage standardised residuals and through the first stage estimated conditional variances. However, as in Engle (2002), the parameters of the volatility models are determined exclusively in the first step. Therefore, the fitted volatility series could be considered as given for the second step of the estimation, focusing on correlation specific parameters.
Furthermore, as we evidenced in the previous section, the researcher's interest may be related to functions of parameters, like the product of the volatility-threshold coefficients. In this case, the coefficient function values will be determined using the estimation outputs while the standard errors will be evaluated using the delta method.
Data Description
The empirical part of this paper concentrates on the investigation of the time-varying correlation dynamics of the major Central Europe's transition markets. As we previously mentioned, Hungary, Poland and Czech Republic represent the largest capital markets in the CEE area.
The analysis we propose is based on the blue-chip indices of a group of markets. These include returns of all series are highly autocorrelated, which can be taken as evidence of ARCH effects in the considered series. In order to model the mean correlation and the possible relation between markets we specified a VAR-type structure for the weekly indices returns. Our mean model also includes a number of additional explanatory variables, which have been useful to predict asset returns, see the works by Ait-Sahalia and Brandt (2001) and Pesaran and Timmerman (1995, 2000) . These variables we included are: (i) the short term interest rates for the European market, measured by the German 3 month money rate for the period from January 1995 through 
V. Empirical Results
In order to capture the lagged dependence structure in the returns of the analyzed data series, the mean dynamics is specified as a VAR model:
where t X is the set of stock market returns and t Z is the set of additional economic and financial variables. These additional variables include changes in the short and long interest rates for the European and the US markets, as well as returns on oil prices. To assess whether the considered VAR specification is adequate we perform a Granger-causality test on the matrix ( ) zx L φ , in order to verify the null hypothesis of no effect from the stock markets to the variables in t Z . The Wald coefficient test indicates that the null hypothesis of non-causality is rejected. We therefore continue to use the full VAR specification above for the mean estimation.
The residuals from the mean model are then used for modelling the volatility of the considered stock market indices. For all the series we fit the standard GARCH(1,1) specification of
Bollerslev (1986) 
Volatility Threshold Dynamic Conditional Correlation Estimates
In section 2.2 we discussed possible approaches for the definition of the volatility thresholds. In the empirical application below we consider two types of thresholds: (i) the series specific thresholds and (ii) the common thresholds, which are based on the standardized conditional variances. 12 Table 5 presents the specific and common volatility thresholds estimated for the 90% and 75% fractiles of the empirical density of the conditional variances. The choice of these two fractiles is motivated by the fact that the 90-th% fractile would capture the cases of extreme volatility in the markets, while the 75-th% fractile would involve cases of relatively high, but not only extreme volatility.
[ INSERT TABLE 5 ABOUT HERE] 11 For the formal analysis of the cross-country volatility comovements, particularly focusing on the periods of high volatility, see Edwards and Susmel (2001) .
12 See section 2.2. for the procedure employed for the calculation of the thresholds.
The reported estimates indicate only minor deviations between the thresholds calculated on the series specific and the common basis. Therefore, for brevity, we confine our presentation below to the series specific thresholds. 13 We now turn to the estimation of the Volatility Threshold specifications discussed in section 2. As our major interest is to explore potentially heterogeneous impact of high volatility on correlations of different market pairs, we concentrate on the two extensions of the basic/restricted model in (6), with (i) the unrestricted series specific GARCH correlation dynamic and series specific volatility impact parameters referred to as the VT-GDCC model (eq. (12)), and (ii) the restricted GARCH correlation dynamic but series specific volatility impact parameters referred to as the restricted VT-GDCC model (eq. (13)).
We estimate a range of specifications summarized in the 
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Restricted Unrestricted Lagged Table 6 reports the estimates of Specification 1 for the 90% fractile of the conditional variances.
This specification builds on unrestricted GARCH correlation dynamic and volatility impact parameters, a contemporaneous volatility threshold and the condition that the volatility exceeds 13 The results based on the common thresholds are qualitatively similar and are available upon request.
the threshold at least in one of the two markets in the pair ("or" condition). Significant ARCH ( i j α α ) and GARCH ( i j β β ) effects are present in the correlation dynamic of all market pairs. It is important to note, however, that both ARCH effects and also the persistence in the correlations are stronger for the developed market pairs than for the pairs involving the transition markets.
Turning to the analysis of the effects of high volatility on the correlation levels captured by the parameter products, i j γ γ , the following observations are worth noting: While there is a significant increase in the correlations among the developed markets associated with high volatility (at least in one) of the underlying markets, the effects for market pairs involving the Specifications 3 and 4 in table 8 restrict the GARCH correlations dynamic as presented in (13), i.e the diagonal elements of the parameter matrices A and B are set to be identical. Specification 3 considers the contemporaneous and Specification 4 the lagged volatility threshold effects. The major difference between the estimates of these models the unrestricted and restricted GARCH dynamic lies in the magnitude of the differences between volatility thresholds effects. In the restricted specifications the significance of these effects for the pairs involving the Hungarian BUX and the Czech PX is much lower (in the Czech case this effect even changes its sign).
The first two rows of table 15, Panel A, report the likelihood ratio tests between the specifications with the restricted and unrestricted GARCH correlation dynamic. The specifications with the unrestricted dynamic are preferred. This result, as well as some variation in the estimates related to the volatility threshold effects, emphasize that in the heterogeneous sample, similar to ours, allowing for the series specific GARCH correlation dynamic is important. 
VI. Conclusion
This paper introduces a class of Volatility Threshold Dynamic Conditional Correlation models, in which the correlation dynamic partially depends on variance values through a threshold structure.
These models allow an analysis of the dynamic behaviour of correlations between assets in the periods of high volatility, and, therefore, present a tool, which could be applied to areas, like, for example, the portfolio hedging and the contagion analysis.
The empirical application of the proposed Volatility Threshold specifications to the sample of international stock markets comprising developed and transition markets (Hungary, Poland and the Czech Republic) reveals heterogeneity in the relation between correlations and high volatility values for different market pairs in the sample. For most of the considered specifications, high underlying volatility implies an increase in the correlations among the developed markets and in the correlations between the Polish and the developed markets. The effect of high volatility on the correlations of the market pairs involving the Hungarian and the Czech markets is typically insignificant. The study of the potential implications of our findings for international asset allocation and portfolio construction considerations is an interesting topic for future research. χ . LB(6) and LBS (6) Table 6 .
Specification 1: t-statistics of the parameter functions for are calculated using the delta method. Table 9 .
Specification 1: Table 10 . 
